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Abstract

We provide a detailed treatment of Weyl-Titchmarsh theory for half-lattice and full-lattice CM'V operators
and discuss their systems of orthonormal Laurent polynomials on the unit circle, spectral functions, variants
of Weyl-Titchmarsh functions, and Green’s functions. In particular, we discuss the corresponding spectral
representations of half-lattice and full-lattice CMV operators.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

The aim of this paper is to develop Weyl-Titchmarsh theory for a special class of unitary
doubly infinite five-diagonal matrices. The corresponding unitary semi-infinite five-diagonal ma-
trices were recently introduced by Cantero, Moral, and Velazquez (CMV) [8] in 2003. In [33,
Sects. 4.5, 10.5], Simon introduced the corresponding notion of unitary doubly infinite five-
diagonal matrices and coined the term “extended” CMV matrices. To simplify notations we will
often just speak of CMV operators whether or not they are half-lattice or full-lattice operators
indexed by N or Z, respectively.
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CMV operators on Z are intimately related to a completely integrable version of the defocusing
nonlinear Schrodinger equation (continuous in time but discrete in space), a special case of the
Ablowitz—Ladik system. Relevant references in this context are, for instance, [1,2,11,18,27-29],
and the literature cited therein. A recent application to a Borg-type theorem (an inverse spectral
result), which motivated us to write this paper, appeared in [20]. For more details we refer to
Theorem 1.1 at the end of this introduction.

We denote by D the open unit disk in C and let o be a sequence of complex numbers in D,
o = {ax}rez C D. The unitary CMV operator U on ZZ(Z) then can be written as a special five-
diagonal doubly infinite matrix in the standard basis of ¢2(Z) according to [33, Sects. 4.5, 10.5])
as

- S . 0

—%p-1 —E-1G0 —%Po  PoPi
pP_1Po  O—1py  —Oo%1  opq 0

0 —mpp —o2 =3Py  PrP3
pipy  Uipy  —0u3 wmp3 O

(1.1

Here the sequence of positive real numbers {p; }rc7 is defined by

e =vV1— a2, kez (1.2)

and terms of the form —ogox+1, k € Z, represent the diagonal entries in the infinite matrix (1.1).
For the corresponding half-lattice CMV operators UJ(:’)kO, s € [0, 27) in £2([ko, 00) N Z) we refer
to (2.29).

The relevance of this unitary operator U on ZZ(Z), more precisely, the relevance of the cor-
responding half-lattice CMV operator U, ¢ in 22(Np) (cf. (2.31)) is derived from its intimate
relationship with the trigonometric moment problem and hence with finite measures on the unit
circle dD. (Here Ny = N U {0}.) Let {ox }xen € D and define the transfer matrix

Y S
S(C’k)_<oc_ké' L) {edD, keN (1.3)
with spectral parameter { € 0D. Consider the system of difference equations
q’+(5’k))=s k (“”+(C’k_1)> €dD, keN 1.4
with initial condition
¢+(c,0)>:(1> € oD 1.5
<@1(C, 0) 1 El { 0 . ( . )

Then ¢ (-, k) are monic polynomials of degree k and

Pk =, (1/0 k), (edD, keNy, (1.6)

the reversed *-polynomial of ¢ (-, k), is at most of degree k. These polynomials were first intro-
duced by Szegd in the 1920s in his work on the asymptotic distribution of eigenvalues of sections
of Toeplitz forms [35,36] (see also [23, Chs. 1-4; 37, Ch. XI]). Szeg6’s point of departure was
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the trigonometric moment problem and hence the theory of orthogonal polynomials on the unit
circle: Given a probability measure dg . supported on an infinite set on the unit circle, find monic
polynomials of degree k in { = e’e, 0 € [0, 27], such that

/ doy @y o (el k)p, (" k) =920 x, kK €N, 1.7)
0

where (cf. (1.2))

i = { ] o (1.8)
T2 P72 keN. '
One then also infers
/ doy (') 0% (0, k¥ (1, k') = yf, K = max{k, k'), k,k € Ng (1.9)
0

and obtains that ¢ (-, k) is orthogonal to {Cj}jz(), o k—11n L%(0D; do,) and (pj(-, k) is orthog-
onal to {{/ Ji=1,.. .k in L?*(0D; doy). Additional comments in this context will be provided in
Remark 2.9. For a detailed account of the relationship of U, o with orthogonal polynomials on
the unit circle we refer to the monumental two-volume treatise by Simon [33] (see also [32] and
[34] for a description of some of the principal results in [33]) and the exhaustive bibliography
therein. For classical results on orthogonal polynomials on the unit circle we refer, for instance,
to [3,15-17,23,25,35-40]. More recent references relevant to the spectral theoretic content of this
paper are [12-14,20,22,26,30,31].

We note that S({, k) in (1.3) is not the transfer matrix that leads to the half-lattice CMV operator
Uiopin £2(Nop) (cf. (2.29)). After a suitable change of basis introduced by Cantero et al. [8], the
transfer matrix S({, k) turns into 7'({, k) as defined in (2.18).

In Section 2, we provide an extensive treatment of Weyl-Titchmarsh theory for half-lattice
CMV operators Uy i, on £([ko, 00) N Z) and discuss various systems of orthonormal Laurent
polynomials on the unit circle, the half-lattice spectral function of U x,, variants of half-lattice
Weyl-Titchmarsh functions, and the Green’s function of U, j,. In particular, we discuss the
spectral representation of U x,. While many of these results can be found in Simon’s two-volume
treatise [33], we survey some of this material here from an operator theoretic point of view, starting
directly from the CMV operator. Section 3 then contains our new results on Weyl-Titchmarsh
theory for full-lattice CMV operators U on £>(Z). Again we discuss systems of orthonormal
Laurent polynomials on the unit circle, the 2 x 2 matrix-valued spectral and Weyl-Titchmarsh
functions of U, its Green’s matrix, and the spectral representation of U. Finally, Appendix A
summarizes basic facts on Caratheodory and Schur functions relevant to this paper.

We conclude this introduction with citing a Borg-type (inverse spectral) result from our paper
[20], which motivated us to write the present paper.

First we introduce our notation for closed arcs on the unit circle 0D,

Arc([e®, e]) = [ € 0D 10, <0<02), 01 €[0,2m), 01<0<0, +21  (1.10)

and similarly for open arcs on dD.
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Theorem 1.1. Let o = {a}rc7z C D be a reflectionless sequence of Verblunsky coefficients. Let
U be the associated unitary CMV operator (1.1) (cf. also (2.6)—(2.9)) on 0%(Z) and suppose that
the spectrum of U consists of a connected arc of 0D,

a(U) = Arc([e'®, ¢11]) (1.11)

with 0 € [0, 27, 0y < 01 <00+27, and hence & @+0D/2 ¢ Arc((eieo, eiel)). Theno = {0 }re7
is of the form,

w = oogt, kez, (1.12)
where
g = —exp(i(bo + 01)/2) and |og| = cos((01 — o) /4). (1.13)
Here the sequence o = {0 }rez C D is called reflectionless if
forallk € Z, My ({, k) = —M_({, k) for pg-a.e. { € dess(U), (1.14)

where M4 (-, k), k € Z, denote the half-lattice Weyl-Titchmarsh functions of U in (2.136) (cf.
[20] for further details). The case of reflectionless Verblunsky coefficients includes the periodic
case and certain quasi-periodic and almost periodic cases.

2. Weyl-Titchmarsh theory for CMV operators on half-lattices

In this section, we describe the Weyl-Titchmarsh theory for CMV operators on half-lattices.

In the following, let £2(Z) be the usual Hilbert space of all square summable complex-valued
sequences with scalar product (-, -) linear in the second argument. The standard basis in 2(2) is
denoted by

(Odkez, Ok=(..,0,...,0, 1 .,0,...,0,...)", keZ. (2.1
k

ESO (Z) denotes the set of sequences of compact support (i.e., f = {f(k)} ez € 580 (Z) if there
exist M(f), N(f) € Zsuchthat f(k) =0fork < M(f)and k > N(f)). We use the analogous
notation for compactly supported sequences on half-lattices [k, 00) N Z, ko € Z, and then
write £5°([ko, £00) N Z), etc. For J C R an interval, we will identify ¢>(J N Z) & €*(J N Z)
and ¢2(J N Z) ® C? and then use the simplified notation £2(J N Z)2. For simplicity, the identity
operator on £>(J N Z) is abbreviated by I without separately indicating its dependence on J.

Moreover, we denote by D = {z € C||z| < 1} the open unit disk in the complex plane C, by
0D = {{ € C||{| = 1} its counterclockwise oriented boundary, and we freely use the notation
employed in Appendix A. By a Laurent polynomial we denote a finite linear combination of terms
Z*, k € 7, with complex-valued coefficients.

Throughout this paper we make the following basic assumption:

Hypothesis 2.1. Let o« be a sequence of complex numbers such that

o= {utkez C D. 2.2)
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Given a sequence « satisfying (2.2), we define the sequence of positive real numbers {p; }rez
and two sequences of complex numbers with positive real parts {ay}rc7 and {by}rc7 by

or=V1—|wl? keZ, (2.3)
a =14, kelZ, 2.4)
by =1—wu, kel (2.5)
Following Simon [33], we call o the Verblunsky coefficients in honor of Verblunsky’s pioneering

work in the theory of orthogonal polynomials on the unit circle [39,40].
Next, we also introduce a sequence of 2 x 2 unitary matrices 0y by

0, = % Q) keZ 2.6
! <Pk o (2.6)

and two unitary operators V and W on £%(Z) by their matrix representations in the standard basis
of £2(2) as follows

0

V= 02— W= O2x—1 ’ @7
92k 62k+1
0 0
where
Vok—1,2k—1 V2k—1.2k) ( Wok 2k Wak 2k+1 )
’ ’ = Oy, ' ’ =0 , keld.
( Vok,2k—1 Vok 2k Wok+1.2k - Wokt1,2k+1 2
2.8)
Moreover, we introduce the unitary operator U on £2(Z) by
Uu=VvVw 2.9)
or in matrix form, in the standard basis of £2(Z), by
0 —oop_; —0—jo0 —o1py  PoPi 0
U= P—1Po  A—1pg  —Uox1  OopPg 0
—0ppy  —O02  —03Py  PrP3
pipy  Oipy  —0u3 wmpz O
0 . . . .
(2.10)

Here terms of the form —ogo41, k € Z, represent the diagonal entries in the infinite matrix
(2.10). We will call the operator U on 0%(Z) the CMV operator since (2.6)—(2.10) in the context
of the semi-infinite (i.e., half-lattice) case were first obtained by Cantero et al. [8].

Finally, let U denote the unitary operator on 62(2)2 defined by
2
Uu o Vw 0 0 Vv
U‘(o UT)_< 0 WV>_(W 0) ' 2.1

One observes remnants of a certain “supersymmetric” structure in ( v(‘), ‘6 ) which is also reflected
in the following result.



F. Gesztesy, M. Zinchenko / Journal of Approximation Theory 139 (2006) 172-213 177

Lemma 2.2. Let z € C\{0} and {u(z, k)}rc7, {v(z, k)}rez be sequences of complex functions.
Then the following items (1)—(vi) are equivalent:

(1) Uu(z,)=zu(z,), Wu)(z, ) =zv(z, ), (2.12)

(i) UTv(z.) =20, (Vo)) =u. ), (2.13)

(i) (Wu)(z, ) =zv(z, ), Vu)(z, ) =u(z, "), (2.14)

(iv) U(u(z, .)) = Z(u(z, ')>, (Wu)(z, ) = zv(z, ), (2.15)
'U(Z, ) U(Z, )

v) EU(M(Z’ ')> - z<”(z’ ')). Vo). ) = u(z, ). 2.16)
U(Z, ) 'U(Z, )

. u(z, k) _ u(z, k—1)
(vi) (v(z, k)) =T(z,k) (v(z, P 1)), ke, (2.17)

where the transfer matrices T (z, k), z € C\{0}, k € Z, are given by

1 Ok Z
e <1/Z O(_/() , kodd,
T(z,k) = (2.18)

L(m 1
Pk<1 Olk)’ k even.

Proof. The equivalence of (2.12) and (2.14) follows from (2.9) after one defines v(z,-) =
%(Wu)(z, -). Since 0; = Or,onehas VI =V, W' = Wandhence, UT = (VW) = WV.
Thus, defining u(z, -) = (Vv)(z, -), one gets the equivalence of (2.13) and (2.14). The equivalence
of (2.14), (2.15), and (2.16) follows immediately from (2.11).

Next, we will prove that (2.14) is equivalent to (2.17). Assuming k to be odd one obtains the
equivalence of the following items (i)—(v):

» (zgg) =T@h (:Eillz: 3) (2.19)
i nieo)= (7 ) Geiln) -
(i { izlii’(lzc,;)l)::u(;ag u—(Zl’)kJr_oTi)z;r(zp,k: (—Z 1]§) (2.21)
I B e
o () = () o
If k is even, one similarly proves that the following items (vi)~(viii) are equivalent:
o (ZZZD =T@h <ZE§ Z: B) (2.24)
vy ”CZ&DZ(? %)Cifiﬂ) (2.25)

u(z,k =1\ v(z,k—1)
(viii) ( @z 1) )—9k< o B ) (2.26)
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Thus, taking into account (2.7), one concludes that

Wu(z, -) = zv(z, -),
{ Vu(z, ) =ul(z,-) (2:27)
is equivalent to
u(z, k) u(z,k—1)
=T(z,k kel. O 2.2
(v(z, k)) ® )<v<z, k- 1))’ © 229

We note that in studying solutions of Uu(z, -) = zu(z, -) as in Lemma 2.2(i), the purpose of the
additional relation (Wu)(z, -) = zv(z, -) in (2.12) is to introduce a new variable v that improves
our understanding of the structure of such solutions u#. An analogous comment applies to solutions
of UTv(z, ) = zv(z, -) and the relation (Vv)(z, -) = u(z, -) in Lemma 2.2(ii).

If one sets oy, = e, s € [0, 2n), for some reference point kg € Z, then the operator U splits
into a direct sum of two half-lattice operators U S)kofl and Uf:’)ko acting on 32((—00, ko—11N2)
and on £2([ko, 00) N Z), respectively. Explicitly, one obtains

U=U%_ @&U") in (—00. ko — 11N Z) & £*([ko. 00) N Z)

! (2.29)
if og, =€, 5 € [0,2n).

(Strictly, speaking, setting og, = €'*, s € [0, 27), for some reference point ky € Z contradicts
our basic Hypothesis 2.1. However, as long as the exception to Hypothesis 2.1 refers to only one
or two sites (cf. also (2.181)), we will safely ignore this inconsistency in favor of the notational
simplicity it provides by avoiding the introduction of a properly modified hypothesis on {0 }xcz.)

Similarly, one obtains WEY)ko—l R Vis}m,l and Wf)ko, Vfio such that

(s) () )
Uio = Vo Wik (2.30)
For simplicity we will abbreviate

=0 s=0) 11, (s=0
Uik = UST) = VIO WED = Vi g W i (2.31)

In addition, we introduce on £2([kg, 200) N Z)? the half-lattice operators [U;S,)ko by

() (s) (s)
[U(S) _ U:lj,k() 0 _ V:I:S,ko W:I:S,ko 0 2.32
o=\ o (w® )= 0 we po ) (2.32)
( :t,ko) +,ko " £,ko

By U4 x, we denote the half-lattice operators defined for s = 0,

- U 0 Vi ko W. 0
U — =0 _ < +,ko — [ VEko Eiko ) 2.33
+.ko +,ko 0 (U:I:,kO)T 0 Wi ko Vi ko 239
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Lemma 2.3. Letz € C\{0}, ko € Z, and {p+(z. k, ko) }k > ko {T+ (2, k, ko) }k > ky De sequences of
complex functions. Then, the following items (i)—(vi) are equivalent:

(1) U+,koﬁ+(zv ) k()) = Zﬁ-‘r(zv Yy kO)s W—‘r,koﬁ"r(zi i ko) = Z?J,-(Z, “ k0)7 (234)
(11) (U-‘r,k())T?-‘r(Z’ y kO) = Z?—‘,-(Z, ) kO)v V+,k()?+(z7 y kO) = ﬁ+(zv “ kO), (235)
(111) W"r,k()ﬁ"r(za ) kO) = Z?+(Zv “ ko)a V—'r,k()/r\-‘r(za i kO) - ﬁ-ﬁ-(zv y kO), (236)
. ﬁ-‘r(zv'vko) ﬁ+(Zs',k0) o~ ~
(IV) [U Lk <A ): (A ) W N p (Zv K kO):Zr (Zv Yy ko)v (237)
AR k) ) TR k) Hh !
ﬁ'ﬁ‘(zv"ko) ﬁ-‘r(zv'vko) -~ -~
(V) U ki (A > = <A s V. kot (Zv ©y k()) =p (Z7 y ko)v (238)
o r+(Z,',k0) r+(Z"’k0) ot -

. ﬁ-‘r(zvkvko) _ ﬁ-’r(Z’k - l,k())
(vi) (?_‘_(Z’ . ko)) =T(z,k) (?+(Z, ko1, k()))’ k > ko, (2.39)

. 7ry(z, ko, ko), ko odd,
assuming py(z, ko, ko) =1 _ (2.40)
r4+(z, ko, ko), ko even.

Next, consider sequences {p_(z, k, ko) }k <ko» {T= (2, k, ko) }k <ko- Then, the following items (vii)—
(xii) are equivalent:

(Vll) U—,koﬁ—(zv y kO) = Zﬁ— (Zv i) kO), W—,koﬁ—(z’ i) kO) = Z?_(Z, i) kO), (241)

(viil)  (U—ky) 7= (2. " ko) = 27— (z, - ko). V_ioP=(z. " ko) = P—(z. -, ko), (2.42)

(IX) W*,koi;f(zﬂ sy k()) = Z?f(zv y kO)» V,’ko?,(z, y k()) = ﬁ* (Z7 * ko)a (243)

ﬁ—(zv"ko) ﬁ—(za'v kO) ~ ~

U_ = w_ _(z,, ko) =z2r—(z, -, k 2.44

W He <?(z, 3 ko)) Z<?(z, k) WPk = ko) 24
. ﬁ—(zi ',k()) ﬁ—(zv'vko) o~ o~

U_ = s Vo kt=(z,, ko) = p—(z, -, ko), 2.45

o B (ﬂz, S ko)> (ﬂz, - ko) i it S

.. ﬁ—(z7k_1)vk0 —1 ﬁ_(Z,k,kO)
=T(z,k - ,  k<ko, 2.46
o (?(z, k—1k) T TE R ko) ’ (240

_?— (Zs kOs k0)7 kO Odd,

—zr_(z, ko, ko), ko even. (2.47)

assuming p_(z, ko, ko) = {

Proof. Repeating the first part of the proof of Lemma 2.2 one obtains the equivalence of (2.34),
(2.35), (2.36), (2.37), and (2.38). Moreover, repeating the second part of the proof of Lemma 2.2
one obtains that

(W-‘r,k()ﬁ-'r(zv ) k()))(k) = Z?-‘,-(Z, kv k()), (248)
(Vi koT+ (2, - ko)) (k) = py(z, k, ko), Kk > ko (2.49)

is equivalent to

D+ (z, k, ko)) (17+(z,k— 1,k0)>
P —Te (P k> ko 2.50
(r+(z,k, k) = TE R k= ko) 0 (230)
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If k¢ is odd, then the operators V x, and W 4, have the following structure:

9ko+l O 1 O

Vik, = Oko+3 L Woeg = Oko+2 (2.51)

0 0
and hence,
Wi ko P+ (2 -5 ko)) (ko) = 27+ (2, ko, ko) (2.52)
is equivalent to
P+ (2, ko, ko) = zr.(z. ko, ko). (2.53)

Thus, one infers that (2.36) is equivalent to (2.39), (2.40) for ko odd. If k¢ is even, then the operators
Vi ko and W, i, have the following structure:

1 O 9ko+l O

Vik, = Oro+2 . Wi = Oko+3 (2.54)
and hence,

(Vi koT+ (2, -, ko)) (ko) = P4(z, ko, ko) (2.55)
is equivalent to

P+ (2, ko, ko) =74 (z, ko, ko). (2.56)

Thus, one infers that (2.36) is equivalent to (2.39), (2.40) for ko even.
The results for p_(z, -, ko) and 7_(z, -, ko) are proved analogously. [

Analogous comments to those made right after the proof of Lemma 2.2 apply in the present
context of Lemma 2.3.

ses P+ 2.k ko) g+(z.k.ko)
Definition 2.4. We denote by ( ry (o ko) >k>k0 <s+(z,k,ko)

independent solutions of (2.39) with the following initial conditions:

<P+(Z,ko,ko)> _ (1), ko odd, <6]+(Z,ko,ko)> _ (%)), ko odd, (2.57)
r1(z, ko, ko) (i) ko even, s4(z, ko, ko) (_11) ko even. ’

, z € C\{0}, two linearl
)k>ko z € C\{0}, two linearly

p—(z.k,ko)

Similarly, we denote by (,_(Z k.ko)

and <q,(z,k,ko) , z € C\{0}, two linearly

)k<k0 S—(Z’k’kO))kgko
independent solutions of (2.46) with the following initial conditions:
(P(z, ko. ko)) _ ). koodd, (q(z, ko. ko)) _ (). koodd,

r—(z, ko, ko) (7). koeven,  \s—(z. ko, ko)

1
! 2.58
1), ko even. 2:58)
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r4(z,k,ko) s4+(z,k,ko)

p—(z,k,ko) q-(z,k,ko) _
manner, one extends ( (2. k ko) )k<ko and (L(z,k,ko) >k<k0’ z € C\{0}, to k > kg. These exten

sions will be denoted by (f j(f/f/];g)) )keZ and (fﬁ;,’j,ﬁ?; )kez. Moreover, it follows from (2.17)

that p1(z, k, ko), g+ (2, k, ko), r+(z, k, ko), and s (z, k, ko), k, ko € Z, are Laurent polynomials
in z.

Using (2.17) one extends (’”r(z’k’k“)) , (‘”(Z’k’kO)) ,z € C\{0}, to k < ko. In the same
k>k k> ko

In particular, one computes

ko—1 ko odd ko + 1
L(z(l —m)) (z) 1 <1 +06k0+1z>
Prg \ 1 — o, 1 Prg+1 \ T+ Cp+1

L(Z(—l —Ot_ko)) ( z ) 1 <—1 + kao+11>
Prg \ 140 —1 | Pro1 \ 2= %o+
o) | (O] 2 G
Pk l/z + %k - Pkg+1 1 - Oko+1

) 1
q-(z, k, k())) L( Z — Ol ) (1) 1 (1 + O{k0+1>
S_ (Z k, ko) Piy 1/z — o 1 Phot1 I+ kg1

I’+(Z k, ko)
r+(z, k, ko)
q+(z, k, ko)
s+(z, k, ko)
p—(z, k, ko)
r—(z, k, ko)

ko —1 ko even ko +1
i) 0) s ()
Pk 1 - O{_k() 1 Pko+1 1/Z + %ko+1
L(l+o¢ko> ) 1 < 7 — Olkg+1 )
pko —1 _% pk0+1 —1/Z+0Ck0+1
L(l + OCkOZ) (—z) 1 (z(l - ak0+1)>
Prg \—2 — Okg 1 Pro+1 \ =1+ %41

L(l - ockoz> (z) 1 (Z(l + o€k0+1))
P \ 2 — Oy 1 Pror1 \ 14 i1

ry(z, k, ko)
q+(z, k, ko)
s1(z, k, ko)
p—(z, k, ko)
r—(z, k, ko)
q—(z, k, ko)
S_ (Z k k())

(
(
(
(
(p+ (z k. ko)
(
(
(

Remark 2.5. We note that Lemmas 2.2 and 2.3 are crucial for many of the proofs to follow. For
instance, we note that the equivalence of items (i) and (vi) in Lemma 2.2 proves that for each z €
C\{0}, the solutions {u(z, k) }xcz of Uu(z, -) = zu(z, -) form a two-dimensional space, which im-
plies that such solutions are linear combinations of {p+(z, k, ko) }xez and {g+ (z, k, ko) }xcz (With
z-dependent coefficients). This equivalence also proves that any solution of Uu(z, -) = zu(z, -) is
determined by its values at a site ko of # and the auxiliary variable v. Moreover, taking into account
item (vi) of Lemma 2.2, this also implies that such a solution is determined by its values at two
consecutive sites ko— 1 and kq. Similar comments apply to the solutions of U " v(z, -) = zv(z, -).In
the context of Lemma 2.3, we remark that its importance lies in the fact that it shows that in the case
of half-lattice CMV operators, the analogous equations have a one-dimensional space of solutions
for each z € C\{0}, due to the restriction on ko that appears in items (vi) and (xii) of
Lemma 2.3. As a consequence, the corresponding solutions are determined by their value at
a single site k.
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Next, we introduce the following modified Laurent polynomials pa(z, k, ko) and
g+(z. k, ko), z € C\{0}, k, ko € Z, as follows:

P+(z, k. ko)/z, ko odd,

Pz, k, ko) = iz ko ko) ko even, (2.59)
ek = | 2T s
i = [fGhlo oot
T-ekk) = {7 C L0k even ee

Remark 2.6. By Lemma 2.3, (f:g,ffg)) >k§ko’ z € C\{0}, kg € Z, are generalized eigenvectors

of the operators Ugy,. Moreover, by Lemma 2.2, (p i(z’k’k(’))k . and
€

r+(z,k,ko)
(Qi(z,k,ko)

512k ko) )keZ’ z € C\{0}, ko € Z, are generalized eigenvectors of U.

Lemma 2.7. The Laurent polynomials p+(z, k, ko), r+(z, k, ko), q+(z, k, ko), and s+(z, k, ko)
satisfy the following relations for all z € C\{0} and k, ko € Z:

ry(z. k. ko) = p+(1/Z, k. ko), (2.63)
s+(2. k. ko) = —q+(1/2, k, ko), (2.64)
r—(z, k, ko) = —p_(1/Z, k, ko), (2.65)
s—(z, k. ko) = G- (1/Z, k, ko). (2.66)

Proof. Let {u(z, k)}xez, {v(z, k)}rez be two sequences of complex functions, then the following
items (i)—(iii) are seen to be equivalent:

i) Wu(z,) =zv(z,-), Vu(z, ") =u(z, ), (2.67)
1

(11) ZM(Z’ ) = W*U(Zs ')7 U(Zs ) = V*M(Z, ')7 (268)
1

(ii1) %u(z, ) =Wu(z,), vz, -)=Vu(z,-), (2.69)

where Egs. (2.67)—(2.69) are meant in the algebraic sense and hence V, V*, W, and W* are
considered as difference expressions rather than difference operators. Thus, the assertion of the
lemma follows from Lemma 2.3, Definition 2.4, and equalities (2.59)—(2.62). O

Lemma 2.8. Let kg € Z. Then the sets of Laurent polynomials {p4 (-, k, ko)}k>k, (resp.,
{P—C,k, ko) hi<iy) and {r (-, k, ko) Yk > ko (resp., {r— (-, k, ko) }k <k,) form orthonormal bases in
L2(0D; dity (-, ko)) (resp., L2(@D; diu_ (-, ko)), where

du (€, ko) = d(Oxys Ev iy (O0ko) g2((ko, £o0)nzy, € € 0D (2.70)

and dEy ko () denote the operator-valued spectral measures of the operators U+ j,

Ut iy = y{ dEy, ;, (O L. (2.71)
oD
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Proof. It follows from the definition of the transfer matrix 7T (z, k) in (2.18) and the recursion
relations (2.39) and (2.46) that

span{p+ (-, k, kO)}kEkO = span{r+ (-, k, kO)}kEko

— (2.72)
= span{{* ez = L*(0D; du),

where du is any finite (nonnegative) Borel measure on ¢ . Thus, one concludes that the systems of
Laurent polynomials { p (-, k, kO)}k2k0 and {r.(-, k, ko)}kzko are complete in L2(6 D; duy (-, ko)).
< <
Next, consider the following equations:

k+2 k+2

WUike) o= > Wia) (KIS = Y (Upry)k, j)5;, (2.73)
Jj=k=2 j=k—2
k+2 k+2

Uia)dk = Y WUys)(Ghd; = > Uy "k, )0 (2.74)
j=k=2 j=k=2

Comparing these equations to

k+2
2P (2 k ko) = (U ko P (2, ko) K) = Y (U ko) ks NP1, s ko), (2.75)
j=k-2
k+2
@k ko) = (U k) "Fi (2 ko)) = Y (Usae) Tk, P12, ko), (2.76)
j=k—2

which by Lemma 2.3 have unique solutions py(z,k, ko) and ri(z,k, ko) satisfying
D+(z, ko, ko) = r+(z, ko, ko) = 1. Due to the algebraic nature of the proof of Lemma 2.3,
the latter remains valid if z € C\{0} is replaced by a unitary operator on a Hilbert space. Thus,
{15+((U+,k0)—r, k, ko)Oky bk >ko and {r (U4 iy, k, ko) Ok bk > ko are the unique solutions of

Ut so) " P(Us ko) - ko) = U ko (U ) T - ko) 2.77)
and

U ko Uskg» ko) = (U k) " r(Us kg - ko) (2.78)
with value Jg, at k = ko, respectively. In particular, one concludes that for k > ko,

3k = Pr(Usko) T ks ko) (2.79)

Or = r+(Ux ky» k. ko) Or,- (2.80)
Using the spectral representation for the operators Uy x, and (U_hko)T one obtains (all scalar

products (-, -) in the remainder of this proof are with respect to the Hilbert space 22 ([ko, £00)NZ)
and for simplicity we omit the corresponding subscript in (-, -)),

(Jk, 6¢) = f A B, 7 O0) prC R Fo)pi € € ko), 2.81)
(Jk, 6¢) = f A, By O0) T CRRor C Lko). kL eZ. (2.82)

Finally, one notes that

diiy. (€, ko) = d(Oky, Eu, 1 (©)0ky) = d(Oxys Eqy, )T (0)0ko) (2.83)
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since
k k k T
fmd/hr(ly ko) " = (5k0, U+,k05k0> = <5k0, <U+,ko> 5k0>
k
= (5k0, (U—I,ko) %) = ﬁ Dd(éko, E, 17 (Od%) *, kez.
Thus, the Laurent polynomials {p4 (-, k, ko)}k >k, and {r4 (-, k, ko)}x >k, are orthonormal in

L*(D; dpy (-, ko))
The results for {p_(-, k, ko) }k <xo and {r—(-, k, ko) }x <k, are proved similarly. []

(2.84)

We note that the measures du (-, ko), ko € Z, are not only nonnegative but also supported on
an infinite set.

Remark 2.9. In connection with our introductory remarks in (1.3)—(1.9) we note that do, =
du, (-, 0) and

—(k—1)/2
— ’ykc q’+ (Cv k)a k Odd,
Jk,0) = _
pe(c ) { s kﬂ(ﬂi(C, k), k even,
B (2.85)
ee (k+1)/2§0*+(5, k), kodd,
ry((,k,0) = i {eoD.
o (G k), k even,

Let ¢ € C(0D) and define the operator of multiplication by ¢, My x,(¢), in
L*(9D; dy (-, ko)) by

(M k(D) O = dOFQ), [ € L*@D; dug.(-, ko). (2.86)

In the special case ¢ = id (where id({) = {, { € dD), the corresponding multiplication operator
is denoted by M+ i, (id). The spectrum of M i, (¢) is given by

(M 1, (9)) = ess.rangy, (- ko) (9), (2.87)
where the essential range of ¢ with respect to a measure du on 0D is defined by

ess.rang, () = {z € Clforalle > 0, u({{ € 0D | [p(0) — z| < €}) > 0}. (2.88)

Corollary 2.10. Let kg € Z and ¢ € C(0D). Then the operators ¢p(Ux ,) and q{)(UlkO)
are unitarily equivalent to the operators M+ ($p) of multiplication by ¢ on
L%(0D; duy (-, ko)). In particular,

d(PpUx k) = "(‘f’(UI,kO)) = ess.randui(,,ko)(qﬁ), (2.89)
0(Ux.ky) = 0(U4 1)) = supp (i (-, ko)) (2.90)
and the spectrum of U+ i, is simple.

Proof. Consider the following linear maps Z;{i from Ego ([kog, £00) N Z) into the set of Laurent
polynomials on 0D defined by

+o0

U HQ =D ralk ko) fK),  f € €3 (Tko, +00) N ). (2.91)

k=ko
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A simple calculation for F({) = (Z;Iif)(C), f € £5°(lko, £00) N Z), shows that

+o0
2 _
> Irwr=¢

duy. (¢, ko) IF (D)% (2.92)
k=ko D

Since 28"([k0, +00) N Z) is dense in 02 ([ko, 200) N 7), Z;{i extend to bounded linear operators
Uy : 02([ko, £oo)NZ) — L*(0D; duy (-, ko)). Since by (2.72), the sets of Laurent polynomials
are dense in L2(0D; dug (-, ko)), the maps U4 are onto and one infers

Uz F)(k) :?ﬁ duy (¢ ko) re(C K, ko) F(),  F € L*(0D; du (-, ko)) (2.93)

0

In particular, U+ are unitary. Moreover, we claim that {/+ map the operators ¢(U+y,) on
02([kg, £00) N Z) to the operators My i, (¢) of multiplication by ¢ on L2(0D; diy (-, ko)),

U pUs ) Uy = M gy (). (2.94)
Indeed,
U p(Us s )Uz' F()(O) = U (U k) £ ()

+o0 +o0

= Y (Wi fFO Rk ko) = D (UL (s -, ko)) (k) f (k)
k:ko k:kO
+o0

=Y dOre k. ko) f k) = SO F ()
k=kg

= (M1 iy(@)F)(Q), F € L*(@D; dup(-, ko). (2.95)

The result for (]S(UI’ k) 1s proved analogously. [

Corollary 2.11. Let ko € Z.
The Laurent polynomials { p4 (-, k, ko) }i > k, can be constructed by Gram—Schmidt orthogonaliz-
ing

2 —1 3 -2
{C, LE L0, 05 ..., koodd, (2.96)

LG 3 028, ., kyeven

in L*(0D; du (-, ko))-
The Laurent polynomials {ry (-, k, ko) }x > k, can be constructed by Gram—Schmidt orthogonalizing

1’ C’ Cil’ Cz’ Ciz’ C3’ AR kO Odd’
LG 203, ., koeven

in L*(0D; du. (-, ko))-
The Laurent polynomials {p_ (-, k, ko) }x <k, can be constructed by Gram—Schmidt orthogonaliz-
ing

(2.97)

-1 2 =2 3
{1,—C,C ,—C,C ,—C,..., k()Odd, (298)

—(01, =2, =8, 02, kg even

in L2(0D; du_ (-, ko)).
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The Laurent polynomials {r _(-, k, ko) }x < k, can be constructed by Gram—Schmidt orthogonalizing

_1a C_ls _Cs é’_z, _Cz, C_3, ceey k() Odd,
2.
{ 1, =4 Y =2, 02 =08, ..., koeven (2.99)
in L*(0D; du_ (-, ko)).
Proof. The statements follow from Definition 2.4 and Lemma 2.8. [

The following result clarifies which measures arise as spectral measures of half-lattice CMV
operators and it yields the reconstruction of Verblunsky coefficients from the spectral measures
and the corresponding orthogonal polynomials.

Theorem 2.12. Let kg € Z and du, (-, ko) be nonnegative finite measures on 0D which are
supported on infinite sets and normalized by

f dus (C ko) = 1. (2.100)
oD

Then du. (-, ko) are necessarily the spectral measures for some half-lattice CMV operators U+
with coefficients {0}k > ko+1, respectively {o bk < ko defined as follows:

Y (P4 (k= 1 ko), M gy )i (o k = 1. K0)) 20y, g,y K 04U, o100
(r Gk = 1 ko). pCok = 1.k0) 120, (ko k even

forallk>ko+ 1 and
P—(ok =1, ko), M s id)r— (-, k = 1, k0)) 12 o, . kodd,

o = — ( 0 )Lz(o D;du_ (ko)) (2.102)
(r,(~, k - 15 k0)7 p*('v k - 17 kO))LZ((‘}Didll,(yko))’ k even

for all k<ko. Here the Laurent polynomials {p4(-.k,ko), r4(-.k,ko)}k=k, and {p—(-,k, ko),
r—(-, k, ko)}k <k, denote the orthonormal polynomials constructed in Corollary 2.11.

Proof. Using Corollary 2.11 one constructs the orthonormal Laurent polynomials {p ({, &, ko),
r+({, k, ko)l > ko> ¢ € 0D. Because of their orthogonality properties one concludes

{p+(L, k, ko), ko odd,

P+ k ko), ko even (€ 0D, k=ko. (2.103)
+ ’ ? ? 9

r+(C k, ko) = {
Next we will establish the recursion relation (2.39). Consider the following Laurent polynomial
p(0), { € 0D, for some fixed k > ko:

pkp+(C’k7k0)_Cr+(Cvk_ 17 kO), kOdd’ a[D 21
= . , 104
P& { ppiCkoko) — (k- L ko), keven, ©°€ (2.104)

where p;, € (0, 00) is chosen such that the leading term of p (-, k, ko) cancels the leading term of

r4 (-, k—1, ko). Using Corollary 2.11 one checks that the Laurent polynomial p(-) is proportional
to p+(-, k — 1, ko). Hence, one arrives at the following recursion relation:

_ [ p k=1 ko) + Lri (G k=1, ko), K odd,

wprCo = L T L T kv, £

(2.105)
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where o € C is the proportionality constant. Taking the scalar product of both sides with
p+(C, k—1, ko) yields the expressions for o, k > ko + 1, in (2.101). Moreover, applying (2.103)
one obtains

Tr (Cok =1, ko) + £p4 (L k — 1, ko), K odd,

oD, 2.106
ory ((k—1,ko) + p({,k—1,ko), keven ‘€ ( )

prr+(C k, ko) = {

and hence (2.39). Since p; > 0, k € Z, it remains to show that p,% = 1 — |o|? and hence that
lok| < 1. This follows from the orthonormality of Laurent polynomials {p (-, k, ko) }x >k, in
L*(D; du, (-, ko)),

2 _ 2
|OCk| = ||akp+('a k — 17 kO)"Lz(aD;d/J+(-,ko))
, 2
= ||pkp+(" k, kO) - ld(')r+(-, k—1, ko) ||L2(8D;du+(‘,k0))

= g} + 1= 2Re((peps (. K ko), 1O (o k= 1,K0)) 12 oy )

=pi+1
= 2Re( (04 . ks k), [0+ G ks k) = 2 ok = 1KY 2o, o)
=1—p7, kodd. (2.107)

Similarly one treats the case k even. Finally, using Lemma 2.3 one concludes that

P+(z,k,ko)
ry(z,k,ko)

in (2.33) associated with the coefficients oy, p; introduced above. Thus, the measure du , (-, ko) is
the spectral measure of the operator U i, in (2.31). Similarly one proves the result for du_ (-, ko)
and (2.102) for k <ky. O

)k>k ,z € C\{0}, ko € Z, is a generalized eigenvector of the operator U , defined
= K0

Lemma 2.13. Let z € C\(0D U {0}) and ko € Z. Then the sets of two-dimensional Laurent

: P+ (z2,k.ko) G (z,k, ko)
polynomials ( re 2k ko) ) > (si(z,k,ko) )kfko are related by

g+ (z, k, ko) ?g {+z ((lﬁ(i, k, ko)) (f&(z,k,ko)))
= :I: d ,k - 3
<Sﬁ:(z»ka ko) oD e (G, ko) (=2 \\r+(( k, ko) r+(z, k, ko)

k=zkg. (2.108)

Proof. First, we prove (2.108) for kg even, which by (2.59)—(2.62) is equivalent to

(‘I+(Z,k, ko)) =¢ (+Z<<P+(C, k, ko)) B <P+(Z, k, ko)))d# (€ ko)
s4(z. k. ko o0 (=2 \\r (k. ko) re(zk ko)) )0

7€ C\(@D U {0}), k > ko, ko even. (2.109)

Let kg € Z be even. It suffices to show that the right-hand side of (2.109), temporarily denoted
by the symbol RH S(z, k, ko), satisfies

T(z,k+1)"'"RHS(z, k+1,ko) = RHS(z, k, ko), k > ko, (2.110)

ko, k —1
T(z,ko+ 1) 'RHS(z, ko + 1, ko) = (q+(z 0 °)> - ( ) Q2.111)
s1(z, ko, ko) 1
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One verifies these statements using the following equality:
T(z,k+1)"'RHS(z,k + 1, ko) = RHS(z, k, ko)

(2 =1 _per -1 (p-i-(c,k‘i'l,ko))
+7§6DC—Z(T(Z’]<+1) T kD ) re(C k41, ko) . (G ko).

keZ (2112

Fork > ko, the last term on the right-hand side of (2.112) is equal to zero since for kodd, T (z, k+1)
does not depend on z, and for k even, by Corollary 2.11, p({, k+ 1, ko) and r4({, k + 1, ko) are
orthogonal in L?(0D; du, (-, ko)) to span{1, {} and span{1, ¢, respectively, hence,

t+z -1 _ —1 <p+(C,k+1,ko))
f@DC—Z<T(Z’k+1) TEk+D) ) re(C k+1, ko) du(C. ko)

_ 4 ftz 1 0 z—C) <p+(C,k+ 1,k0>>
_ﬁDC—Z Pi+1 <(1/Z)_(1/O 0 r({ k+ 1, ko) dh (- ko)

_ 1 0 - +2) P+(C,k+1,ko)>
~ et 7%@ ((l/o +1/) 0 ) <r+(<:,k+ 1. kg e &Ko)
1 —((1/D)+z Jk, k 0
=— (M)M(C O)>du+(<§, ko) = (0>. (2.113)

" et Joo \ @+ (1/2) pa (& K, ko)

This proves (2.110).

For k = ko one obtains R H S(z, ko, ko) = Osince p (, ko, ko) = r+({, ko, ko) = 1. By Corol-
lary 2.11, p4(C, ko+1, ko) and (¢, ko+1, ko) are orthogonal to constants in L2 (9D; dp, (-, ko))
and by the recursion relation (2.17),

P+l ko + 1, ko) = (C+ ako+1)/ Prg+1> T+(C ko + 1, ko) = (1/0) + %kg+1)/ Prgt1-
(2.114)

Thus,

(+z -1 1\ [P+ ko + 1, ko))
T(z,k 1 —T(, k 1 dj ki
o e ek 0! - Tt ) (P Y ok

=¢' 1 <—((1/C)+Z),r+(57 ko + 1, ko)
oD Pry+1 \ ((+ (1/2)), p+(C, ko + 1, ko)

2

- <— 7+ (&, ko + 1,ko)||L2(5n3>;dﬂ+(-,ko>>) _ <—1> (2.115)

= 2 S\ ) .
1P+ ko + 1 ko) 72 am: g, ko))

>du+(§ ko)

This proves (2.111).
Next, we prove that

<S+(Z,k, ko) _% C+Z<<r+(C,k, k())) _ <r+(z,k,k0))>d (é’ k )
G kok)) ~ Jon T— 2 \\FaC koko)) ~ \Fata ki ko)) ) @470

7€ C\(@DU{0}), k > kg, ko odd. (2.116)
Let kg € Z be odd. We note that

u(z,k)y\ u(z,k—1)
(v(z, k)) =T “(v(a k- 1)>
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is equivalent to

v(z, k) ~ vz, k—1)
- 2.1
('J(z, k)) el (mz, k- 1))’ @.117)

where

Uz, k) = u(z, k)/z, T(z,k)=<l(/)z é)T(z,k)((l) g) 2.118)

Thus, it suffices to show that the right-hand side of (2.116), temporarily denoted by
RHS(z, k, ko), satisfies

T(z,k+1)"'"RHS(z, k + 1,ko) = RHS(z, k, ko), k > ko, (2.119)
~ — , ko, ki —1
T(z ko + 1) 'RHS(z, ko + 1, ko) = (i+(z 0 °)> = < ) (2.120)
q+(z, ko, ko) 1
. . . g P+ ry q+
At this point one can follow the first part of the proof replacing 7 by T, ( ry ) by ( P ), ( 5y )

by (%i ), etc.
The result for the remaining polynomials p_(z, k, ko),7—(z, k, ko), q—(z, k, ko), and s_(z, k, kg)

follows similarly. [

Corollary 2.14. Let ko € Z. Then the sets of two-dimensional Laurent polynomials

P+(2,k.ko) q+(z,k ko) : :
( v (2. ko) )kiko and ( )kfko satisfy the relation

s+(z,k,ko)
[ k s %y k
(qjt(z 0)) +mi<z,ko)<” = 0)) € €2 ([ky. £00) N 2)%,
Si(zv y kO) r:l:(Z7 7k0)
z € C\(¢D U {0}), (2.121)
Sfor some coefficients my (z, ko) given by
m:l:(Z, k()) = :t(éko, (U:I:,k() + ZI)(U:t,kQ - ZI)_l 5k0)€2([k0,:|:00)ﬂ2) (2122)
— i}ﬁ di ko) X2, zec\D (2.123)
oD {—z
with
m4+(0, ko) = :I:f duy (¢, ko) = £1. (2.124)
oD

Proof. Consider the operator

<I 0 > (Ui k)" +2D((Us i) T —2zD7', ko odd,

0 +1
Ci k() = L7 0 (2.125)
( 0 1) (Us) " +2D((Usky) " —2D)7", ko even,
z € C\dD,

on 62(2)2. Since C4 ,(2) is bounded for z € C\dD one has

{((gk()),ci,ko(z)(gk))} :{(Ci,ko(z)*@ko)’(gk))} Ce@t e
ko /) Jkez ko ) ) ez



190 F. Gesztesy, M. Zinchenko / Journal of Approximation Theory 139 (2006) 172-213

Using the spectral representation for the operator C4 x,(z), Lemma 2.13, and (2.59)—(2.62) one
obtains

). con(?)) = . et S (PR )
<<5ko  Cri(@) o)) Jop b O)C—Z r+(C, k, ko)

= q+(z, k. ko) D+(z, k, ko)
== [(&(z, K, ko)) e "0)<ri<z, K, ko)ﬂ . kzko, (2.127)

where m(z, ko) = %[5 du (¢, ko) % O

Lemma 2.15. Let kg € Z. Then relation (2.121) uniquely determines the functions m4 (-, ko) on
C\oD.

Proof. We will prove the lemma by contradiction. Assume that there are two functions m (z, ko)
and m 4 (z, ko) satisfying (2.121) such that m (2o, ko) # m (2o, ko) for some zg € C\0D. Then
there are 11, 2y € C such that the following vector:

w1 (20, * ko) ~ (20, -, ko
( ) = (am.4 (20, ko) + Aot 4 (20, ko))(p " ) (2.128)

w2 (2o, -, ko) r4(zo, -, ko)

” 205 k
T+ m(q*( 0 °)> € ([ko, 00) N Z7)* (2.129)
s+(ZOs ) kO)
is nonzero and satisfies
_ ) zow2(z0, ko, ko), ko odd,

w1 (20, ko, ko) = { wa (zo. ko. ko). ko even. (2.130)

By Lemma 2.3, (3%3121283 )k - is an eigenvector of the operator U x, and zo € C\0D is the

corresponding eigenvalue which is impossible since Uy g, is unitary.
Similarly, one proves the result for m_(z, ko). U

Witz
A+
that for some (and hence for all) k1 € Z,

Corollary 2.16. There are solutions ( )k . of (2.17), unique up to constant multiples, so
€

(Wi(Z, 2)

) € 0*([k1, xo0) N Z)%, z e C\(OD U {0}). (2.131)
Xj:(zv )

Proof. Since any solution of (2.17) can be expressed as a linear combination of the polynomials

p+(z,k,ko) q+(z,k,ko) : : : /e
(ri(z,k,ko) )kez and (Si(Z,k,k()) )kez, existence and uniqueness of the solutions (X:t(z") )kez
follow from Corollary 2.14 and Lemma 2.15, respectively. [

Lemma 2.17. Let z € C\{0} and ko € Z. Then the two-dimensional Laurent polynomials

Pp+(z,k,ko) q+(z.k.ko) p—(z.k.ko—1) q—(z,k,ko—l))
(r+(Z,k,k()))k€Z7 <s+(z,k,k0) ez’ r_Gkko—1) )iz’ s_@hkko=1) ) ez are connected
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by the following relations:

<p_(z,k, ko — 1)) _ilm(by,) <p+(z, k, ko))+w(q+(zvk, ko)) (2.132)

rkk-0) T py \nGki) o, \si@kko) |
_(z.k k—D) R k. k 2l k, k

(q (2. k. ko )) _ Re(a,) <p+(z, : o))+M<Q+(Z’ : 0)), kez. (@133
s_(z, k, ko—1) Pry  \7+(z k. ko) Pr,  \S+(z, k, ko)

Proof. It follows from Definition 2.4 that the left- and right-hand sides of (2.132) and (2.133)
satisfy the same recursion relation (2.17). Hence, it suffices to check (2.132) and (2.133) at
one point, say, the point k = ko. Using (2.4), (2.5), (2.17), and (2.58), one finds the following
expressions for the left-hand sides of (2.132) and (2.133):

(p—(z,ko,ko—1)>_ 1 (zbko) (q—(szoyko—U)_L(Z"ko) (2.134)
r@ ko ko= 1)) pgy \=biy) " \s-( ko, ko—=1))  py \ @ /)’ '

ko odd
—(z. ko, ko — 1 1 (—by, —(z. ko, ko — 1 1 (@,
(p (z, ko, ko )) :_< k0>’ (‘1 (z, ko, ko )) :_<ak°), (2.135)
r(z ko ko= 1)) piy \ by s=@ ko, ko =D/ pigp Nk
ko even.

The same result also follows for the right-hand side of (2.132), (2.133) using (2.4), (2.5), and the
initial conditions (2.57). O

and

Theorem 2.18. Let ko € Z. Then there exist unique functions My (-, ko) such that

120 _ (316540 (e ) L :
- M (z, k €[k, +00) N 2)2,
(Ui(Z, . ko)) <S+(Z, - ko) + M4 (z, ko) r+(Z, . ko) € £~ ([ko 00) )

z € C\(0D U {0}). (2.136)

Proof. Assertion (2.136) follows from (2.59)—(2.62), Corollaries 2.14 and 2.16, and
Lemmas 2.15 and 2.17. [

We will call ut(z, -, ko) (resp., v+ (z, -, ko)) Weyl-Titchmarsh solutions of U (resp., U T). By Corol-
lary 2.16, u+(z, -, ko) and v+ (z, -, ko) are constant multiples of Y (z, -, ko) and y(z, -, ko). Sim-
ilarly, we will call m4 (z, ko) as well as M1 (z, ko) the half-lattice Weyl-Titchmarsh m-functions
associated with Uy x,. (See also [31] for a comparison of various alternative notions of Weyl-
Titchmarsh m-functions for Uy g,.)

It follows from Corollaries 2.14 and 2.16 and Lemma 2.17 that

My (z, ko) = m4(z, ko), ze€ C\oD, (2.137)
M0, ko) = 1, (2.138)
Re(agy) + im (bgym — (2, ko — 1) .
M_(z, ko) = - , zeC\dD, 2.139
K0 = intasg) + Retbigm (ko -1 50 2139
I
M_(0. ko) = Mo ™1 (2.140)
Olkg — 1

In particular, one infers that M are analytic at z = 0.
Since (2.136) singles out p4(z, -, ko), g+(z, -, ko), r+(z, -, ko), and s4.(z, -, ko), we now add
the following observation.
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Remark 2.19. One can also define functions A//fi(~, ko) such that the following relation holds:

l’l\i(Z, -, ko) qi(z’ - ko) - Pf(Z, . ko) , )
(@E(z, . k0)> (S—(z, . k0)> + M_(z, kO)(r_(z, ) k0)> € L7 ([kg, o0) N Z)*,

zeC\(@DU{0}).  (2.141)

Applying Corollary 2.16, w4 (z, -, ko) and V4 (z, -, ko) are also constant multiples of _ (z, -,
ko) and y, (z, -, ko) (hence they are constant multiples of u4 (z, -, ko) and v+ (z, -, ko)). It follows
from Corollaries 2.14 and 2.16 and Lemmas 2.15 and 2.17, that Mi(-, ko) are uniquely defined
and satisfy the relations

o Re(agy) — ilm(agy)m4 (z, ko)
M ko—1) = D 2.142
+(Z7 0 ) —lIm(akO) + Re(bko)m+(z, k())’ Z € G:\a ’ ( )

M_(z, ko) =m_(z, ko), ze€ C\oD. (2.143)

Moreover, one derives from (2.139) and (2.143) that

Re(ax,) + iTm (b)) M (z, ko — 1)
iTm(ag,) + Re(bry)Mi(z, ko — 1)’

My (z, ko) = z € C\oD. (2.144)

. . ux(z,,ko)
In this paper we will only use (vi(z’_’kg) ) and M+ (z, ko).
Lemma 2.20. Let k € Z. Then the functions M4 (-, k)|p (resp., M_(-, k)|p) are Caratheo-
dory (resp., anti-Caratheodory) functions. Moreover, My satisfy the following Riccati-type
equation:

(zbk — bi)M+(z, k — DM+ (z, k) + (b + br) M+ (2, k) — (zax + an) M+ (2, k — 1)
=zay —ag, z€ C\oD. (2.145)

Proof. It follows from (2.123) and Theorem A.2 that my(z, ko) are Caratheodory and anti-
Caratheodory functions, respectively. From (2.137) one concludes that M (z, ko) is also a Cara-
theodory function. Using (2.139) one verifies that M_(z, ko) is analyticin D since Re(m_(z, kp)) <
0 and that

Re(ak,) + ilm(bg,)m_(z, ko — 1)
Re(M-(z ko)) =Re (iIm(aZO) T Re(ka)m_(z, ko — 1))
_ Re(ag,)Re(by,) + Im(ag,)Im(by,)
~ |ilm(agy) + Re(bgy)m—(z, ko — 1)[?
_ PLRe(m_(z, ko — 1)
~ |iIm(ak,) + Re(bky)m—(z, ko — 1)|?

Hence, M_(z, ko) is an anti-Caratheodory function.
Next, consider the 2 x 2 matrix

Re(m_(z, ko — 1))

<0. (2.146)

ai, + aiy/z @—ako/z> ko odd
1 (bko - bko/Z bko +bk0/Z ’ 0 ’

2Pk iy + kg Ly = ko . koeven,
Zbk() - bk() Zbk() + bk()

z € C\{0}, ko € Z. (2.147)

D(z, ko) = (dZ,E’ (z, kO))K,Z’:LZ =
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It follows from (2.4), (2.5), and Definition 2.4 that D(z, kq) satisfies

<p+(z, wko—1) qi(z. ko — 1>) _ <p+(z, ko) q+(z. ko)
r+(Z7'7kO_ 1) S+(Z,',k()_1) r+(Z7'7k0) S+(Z,',k())

Thus, using Theorem 2.18 one finds
d1,2(z, ko) +di,1(z, ko)M+(z, ko — 1)

) D(z, ko). (2.148)

M4 (z, ko) = . O (2.149)
T @0 (2 ko) + do i (2 ko) Mz, ko — 1)
In addition, we introduce the functions @ (-, k), k € Z, by
Mi(z, k) —1
Oy(z, k)= ——m—"7——, C\oD. 2.150
R WErEE A (2.150)
One then verifies,
14+ ®u(z, k)
Mi(z,k) = ———, ze€ C\dD. 2.151
L@k =TT \ (2.151)

Moreover, we extend these functions to the unit circle 0D by taking the radial limits which exist
and are finite for py-almost every { € 0D,

Myl k) = ligl My (ri, k), (2.152)
O, k) = ligl O.(r{, k), kel (2.153)

Lemma 2.21. Let z € C\(0D U {0}), ko, k € Z. Then the functions ®L(-, k) satisfy

vt (2,k, ko)
sEErry, kodd,

Di(z, k) = | G © oven (2.154)
vt (2,k,ko) ’

where uy (-, k, ko) and vy (-, k, ko) are the polynomials defined in (2.136).

Proof. Using Corollary 2.16 it suffices to assume k = kq. Then the statement follows immediately
from (2.57) and (2.150). O

Lemma 2.22. Let k € Z. Then the functions O, (-, k)|p (resp., ©_(-, k)|p) are Schur (resp.,
anti-Schur) functions. Moreover, @ satisfy the following Riccati-type equation:

0Py (2, k — D)Ds(z, k) — Pi(z, bk — 1) + 204 (2, k) =z, z € C\oD, ke Z.
(2.155)

Proof. It follows from Lemma 2.20 and (2.150) that the functions @4 (-, k)|p (resp., ©_(-, k)|p)
are Schur (resp., anti-Schur ) functions.
Let k be odd. Then applying Lemma 2.21 and the recursion relation (2.17) one obtains
7v£(z, k, ko) ux(z, k —1, ko) + zov+(z, k — 1, ko)
Qy(z, k) = =
ur(z, k, ko) ogus(z, k—1,ko) + zva(z, k — 1, ko)

_ Ou(z k=D 4%
u®r(z, k— 1) +2

(2.156)
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For k even, one similarly obtains
v4(z, k, ko) - us(z, k —1,ko) + oxva(z, k — 1, ko)

2o+ Di(z,k—1)
T4 odi(z k= 1)

Oi(z, k) =

O (2.157)

Remark 2.23. (i) In the special case « = {0 }xez = 0, one obtains
My(z,k)==%1, Di(z,k)=0, 1/P_(z,k)=0, z€C, kel (2.158)

Thus, strictly speaking, one should always consider 1/®_ rather than ®_ and hence refer to the
Riccati-type equation of 1/®_,
1 1 1 1

R kDO Gl oGk Co k-1

Ol ZEC\@D, kGZ,
(2.159)

rather than that of ®@_, etc. For simplicity of notation, we will avoid this distinction between ®_
and 1/®_ and usually just invoke ®_ whenever confusions are unlikely.

(i1) We note that My (z, k) and @4 (z, k), z € D, k € Z, have nontangential limits to /D
Up-a.e. In particular, the Riccati-type equations (2.145), (2.155), and (2.159) extend to 0D pp-a.e.

The Riccati-type equation for the Caratheodory function @ implies the following absolutely
convergent expansion:

o0

iz k) =) ¢, (/. zeD, ke, (2.160)
j=1

¢y (k) = =21,

by 2(k) = —pis) Tias (2.161)

J
bi i) =1 Y by i+ Dy o)+ j(k+1), j=3.
(=1

The corresponding Riccati-type equation for the Caratheodory function 1/®_(z, k) implies the
absolutely convergent expansion

1/®_(z. k) =Y [1/¢_ ;]! zeD, keZ, (2.162)
j=0
1/¢—,0(k) = Ok,
1/ (k) = pjou—1. (2.163)
j—1
Ve jk) == Y 11/ j_1_¢tk = DI/d_ ((OV+[1/_ (k= D], j>2.
=0

Next, we introduce the following notation for the half-open arc on the unit circle,

Arc((eiel, eigz]) = {em cdD|0; <0< 92}, 01 €[0,2n), 01 < 0,<0 +2m.
(2.164)
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In the same manner we also introduce open and closed arcs on 0D, Arc((¢/?, ¢!?2)) and
Arc([ei 91, el 92]), respectively. Moreover, we identify the unit circle 0D with the arcs of the
form Arc((e"o1 , ei01+2“]), 0y € [0, 2m).

The following result is the unitary operator analog of a version of Stone’s formula relating

resolvents of self-adjoint operators with spectral projections in the weak sense (cf., e.g., [9, p.
1203]).

Lemma 2.24. Let U be a unitary operator in a complex separable Hilbert space H (with scalar
product denoted by (-, )y, linear in the second factor), f, g € H, and denote by {Ey (O}geam the
SJamily of self-adjoint right-continuous spectral projections associated with U, that is, (f, Ug)y =
falD d(f, Eu(0)g)x . Moreover, let 01 € [0,2n), ) < 0,<0; + 27, F € C(0D), and denote
by C(U, z) the operator

CWU,2)=U+zL)U —zL) " =L+ 22U —zL,)~", z e C\a(U) (2.165)

with I, the identity operator in H. Then,

(f, F)Ey (Arc((e, ¢™]))e),,
02+90 do
—F

T i0 i0 _ —1,i0
—timtim [ S P00 = (1. O ), )
(2.166)
Similar formulas hold for Arc((eigl, ei92)) and Arc([eigl, eiez]).
Proof. First one notices that
(U, re?) = —c(U,r'e%), r e (0,00\{1}, 0 €0, 2n]. (2.167)

Next, introducing the characteristic function y 4 of aset A € ¢ and assuming F >0, one obtains
that

(FW)'2Ey (Are((e', 1])) £. CW. ) FW) ' Ey (Are((e” 1%2])) £)
- [D d(f. Eu (") f),, F(e) 1 o (") :ie te

o

H

-z
el 4z
Wil — 7

= '[D d(F(U)l/ZX(eiol’ei02](U)f’ EU(ei())F(U)l/ZX(eiUIyei()z](U)f)
o
z€dD (2.168)

is a Caratheodory function and hence (2.166) for g = f follows from (A.5). If F'is not nonnegative,
one decomposes F as F' = (F1 — F,) + i(F3 — Fy) with F; >0 and applies (2.168) to each
Fj, j € {1,2,3,4}. The general case g # f then follows from the special case g = f by
polarization. [

Next, in addition to the definition of p+ and g+ in (2.59)—(2.62) we introduce i by
u s "y k q s "y k p. s %y k
(M+(Z 0)) _ (61+(Z o)) (ko) <p+(z 0)) € (ko 00) N 2)%.

U+(Z, ’k()) S+(Z, ’k()) r+(Z7'a kO)
z € C\(eD U {0}) (2.169)
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and the functions 7_ and w_ by

7—(Z7 Yy k()) _ a—(zv ) k()) 5—(Za ) k()) 2 _ 2
(w_<z, -,ko)> - (s_<z, ~,ko>> +m‘(z’k")(r_<z, -,ko)> € oo kol n oy

z € C\(eD U {0}). (2.170)

One then computes for the resolvent of U 4, in terms of its matrix representation in the standard
basis of £2([kg, £00) N Z),

_ 1 | py(z, k, ko)v k', ki k < k"and k = k" odd
_ 1 N p+(zv s 0) +(Za > 0)7 )
Uik =2k k) = 2z { ri(z, k', ko)us(z, k, ko), k' < kand k =k’ even,

7€ C\(@D U{0}), ko € Z, k, k' € [ky, o0) N Z, (2.171)
_ 1 (7(z, k, ko)r—(z, k', ko), Kk <k’ andk =k’ odd,
— 1 4 e —
kg =2 (k. k) = 2z { w_(z, k', ko) p—(z, k, ko), k' <k andk =k’ even,
7z € C\(@DU{0}), ko € Z, k, k' € (—o0, ko]l N Z. (2.172)

The proof of these formulas repeats the proof of the analogous result, Lemma 3.1, for the full-
lattice CMV operator U and hence we omit it here.

We finish this section with an explicit connection between the family of spectral projections of
U+ k, and the spectral function p (-, ko), supplementing relation (2.70).

Lemma 2.25. Let f, g € 580([160, +oo)NZ), F € C(0D),and 01 € [0, 2n), 0; < 0, <0y + 2.
Then,

(f. F(Uxx)Evs g, (Arc((e”" ] eiHZ]))g)ez([ko,ioo)ﬂZ)

= —~ (2.173)
- (fi(" ko), MFMXArc((eml 027y 8= ( kO))Lz(t?D:d#i(uko))’
where we introduced the notation
+o0
h+(C ko) = Z r+(( k,ko)h(k), (€ oD, h e €5°([ko, £00) N Z) (2.174)
k=ko

and Mg denotes the maximally defined operator of multiplication by the duy (-, ko)-
measurable function G in the Hilbert space L*(0D; duy (-, ko)),

(Mch)(©) = GO for a.e. { € ID,

- R - (2.175)
h € dom(Mg) = {k € L*(0D; duy (-, ko)) | Gk € L*(dD; dyuy (-, ko))}-
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Proof. It suffices to consider U x, only. Inserting (2.171) into (2.166) and observing (2.169)
leads to

(f. F(Uy k) EuU, 4, (Arc((eie1 ’ eiez]))g)zz([ko,oo)mZ)

0249 d@ X
= lim lim ) > Z )& (KC (Us o, re') (k, k')

310 111 Jg, 4 4n et Ko

—C(Uq s, r e ) (k, K

o 1 0r+0 " 0
= k k') limlim — dOF(e")py(e'’ k, k
k_ZkOﬂ) > gW)limlim — /0 ()P (e, k. ko)

010 rtl N
ko <K' <k wrt 1+0

k'=k even
X7y (eig, K, ko) [m+(rei0, ko)e— m+(r_lei9, ko)]
h+0 ) )
X Z (k)hmllmL/ do F(el())ﬁJr(e’o,k,ko)
0

ko < k<K’ 210 11 4T Joy+
k'=k odd
xry (€0, k' ko) [m(re'?, ko) —my (r~'e'? ko) ¢ - (2.176)

Here we freely interchanged the 0-integral with the sums over k and k' (the latter are finite) and
also replaced py (r*'ef?, k, ko) and ro (r*'ei?, k, ko) by p(e'?, k, ko) and r(e'?, k, ko). The
latter is permissible since by (A.16),

(1 = rRe(m 4 (r='e))| = 0, (1 — rEN)Im(m (r*'e'?))| = o(D). (2.177)
r— r—
Finally, since pi({,k,ko) = re((,k, ko), { € 0D by (2.63) and m+(rei6,ko) =
—my (Lei?, ko) by (A.19), one infers
(f F(U+ kO)EU+k0 (Arc(( o eigz])) ) ([ko c0)NZ)
0>+ ()

= Z Z f(k)g(k)hmllm/ 21r )p+(ei0,k,ko)r+(ei0,k’,k0)
+0

k=ko k'=
[—1pt]  x Re(m+( 0 ko))

= Z Z f(k)g(k)/ (€0, ko) F(e)rs (ei, k, ko)rs (%, K, ko)

k=ko k'=ko
_ f dit, (¢, ko) F(®) 7 (e, ko)@ (¢, ko)
(01,02]
= (FrC ko). MEMy i gy 8+ C-K0) 20D, oy (2.178)

interchanging the (finite) sums over k and &’ and the du(-, ko)-integral once more. [J

Finally, this section would not be complete if we would not briefly mention the analogs of Weyl
disks for finite interval problems and their behavior in the limit where the finite interval tends to a
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half-lattice. Before starting the analysis, we note the following geometric fact: Let p, ¢, r, s € C,
|p| # |r|. Then, the set of points m(0) € C given by

q ~|—sei0

0) = — -
m(0) bt el

0 € [0, 2n), (2.179)

describes a circle in C with radius R > 0 and center C € C given by

lgr — ps| s p qr—ps
_ c= S _Par—ps 2.180
Pl — 7| Py PRy E (2-130)

To introduce the analog of U_Jgf’)ko and (U_J:f’)ko)—r on a finite interval [kg, k;] N Z, we choose

oy = €0, oy, +1 = €'*1, 50, 51 € [0, 27). Then the operator U_Jgf?lzo splits into a direct sum of two
(s0,81) (s1)
operators U_J[ko’kl] and [U+,k1+1
(s0) __ p((s0,51) (s1)
Utko = Utk © Ui ki1 (2.181)

acting on 02 ([ko, k11N Z) and €2([k; + 1, 00) N Z), respectively. Then, repeating the proof of
).
ik

v (550) == (457). cecwo 2.182)

Lemma 2.3 one obtains the following result for the CMV operator [UE,ig,?]

is satisfied by (“(Z’k) such that

v(z,k) )ke[ko,kllnz

u(z, k)y _ u(z, k—1)
(v(zyk))_T(Z,k)(v(ak_l)), kelko+ 1,107, (2.183)

ze0v(z, ko), ko odd,
e "oy(z, ko), koeven,
—eSu(z, ki), ky odd,
—ze Btu(z, ki), kp even.

u(z, ko) = { (2.184)

u(z, ki) = { (2.185)

To simplify matters we now put so = 0 in the following. Moreover, we first treat the case ko even
and k; odd. Then (p +(Z’k‘k°)> satisfies (2.183) and (2.184) and hence there exists a coefficient

r4(z,k,ko)
m4 s, (z, k1, ko) such that
q+(z, k. ko) P+(z, k, ko)
<S+(Z, k, kO) + my s (Za k()’ kl) r+(Z, k, k()) (2186)

satisfies (2.185). One computes

_ q+(z, ki, ko) + s4(z, ki, k())eis'

m ki, ko) = — 2.187
R R0 =k ko) + e (@ K ke (187
By (2.179), this describes a (Weyl-Titchmarsh) circle as sy varies in [0, 27) of radius
Rz ky) = lg+(z, k1, ko)r4(z, ki, ko) — p+(z, ki, ko)s+(z, ki, ko))|
’ ||p+(z,k1,k0)|2—|F+(Z,k1,k0)|2|
2
(2.188)

P4k, k)2 — Ir(z, ki, ko) 12|
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since
P+(z, k1, ko) \ ( q+(z, ki, ko)
w =2 2.189
<(r+(z, ki, ko) ) \ s+(z, k1, ko) ¢ )
if kg is even and k; is odd (cf. also (3.3)).

Thus far our computations are subject to | p+(z, k1, ko)| # |7+ (z, k1.ko)|. To clarify this point
we now state the following result.

Lemma 2.26. Let z € C\(0D U {0}) and ko, k1 € Z, k; > ko. Then,

ki 2 2
— 1k ’k )| - |r+(Z1kl~k0)| s kl Odd»
1— 2|72 Kk 2={|p+(Z 150 N 2.190
( |Z| )kgk:o |p+(Z 0)| |r+(Z, k].k())|2 _ |Z| 2|p+(Z’ kl’ k())|2, kl even. ( )

Proof. It suffices to prove the case k; odd. The computation

k1 ki
2 IpiGk ko)l = ) WU kopr G, ko) (®) p (2, ks ko)
k=ko k=ko
ki—1
=Y VWi ko2t @, ko)) (k) p (2. k, ko) + Z1p4 2, ki, ko)
k=ko
ki—1
- Z (W+,k0p+(Z1 i ko))(k)(v«:kop'i-(za ) ko))(k) +Z|p+(zﬂ k17 k0)|2
k=ko
ki
=Y prGk ko)W 4 Vi 4o PG ko)) (k)
k=ko
_(W+,k0p+(z3 y ko))(kl)(vi’kop-F(Zv '7 kO))(kl) + Z|p+(z’ klv k0)|2
k1
= > Py @k ko) U 4 P+ (2. ko)) (k) = Zlri (2. ki ko)) > + 2| p+ (2. ki ko)l
k=ko
ki
=27 > Ipi (@ k ko) P = Zlri Gz ki ko) [P + 21 py (2. ki ko) P (2.191)
k=ko

proves (2.190) for k; odd. O

A systematic investigation of all even/odd possibilities for kg and k; then yields the following
result.

Theorem 2.27. Let z € C\(¢D U {0}) and ko, k| € Z, k| > kg. Then,

4 (2.k1 ko) +s4 (2.1 ko)™ k
— - ]
P (ki ko)+re (ki ko)e™T 1 odd,
27 lgy @k ko) sy (2K ko)e” "1
27 pa 2.k ko) +r4(z.k1 kg)e ™51

my s (2, ki, ko) = (2.192)

ki even
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lies on a circle of radius

2|z], ko odd, ki odd,

k1 —1
Y B 2, ko even, ki odd,
R(z ki ko) = [}1 = 12172 D P+ ki ko) } 5 ke odd. &y even
k=ko 2|z|_1, ko even, ki even
(2.193)
with center
_ s+(zkiko) _ p4(z.kiko)
r4(z,k1,ko) r;(z,kl,ko)
X o Gk ko) P—Irs Gkt ko) ko odd, ki odd,
_s+(@kiko) _ pi(zkiko)
r4(z,k1,ko) r+2(z,k1,ko)
Ca ki ko) = Gk PGP Ko even, ki odd, @.194)
LELRO) = ik T Gkuko) :
r4(z,k1,ko) V+(22J<1,k0)
X T kR P iR Ko odd, ki even,
sy @kiko) 27 py(z.kiko)
r(z,k1,ko) V+(z,1kl,ko)
-2z~
X T i ko P G p e Ko evens ki even.
In particular, the limit point case holds at +00 since
lim R(z, k1, ko) = 0. (2.195)
k1100

Proof. The case kg even, k| odd has been discussed explicitly in (2.186)—(2.190). The remaining
cases follow similarly using Lemma 2.26 for k; even and the Wronski relations (3.3). Relation
(2.195) follows since p.(z, -, ko) ¢ £2([ko, 00) N Z), z € C\ (8D U {0}). The latter follows from
(Ut ko (z, -, ko)) (k) = zp4(z, k, ko), z € C\{0}, in the weak sense (cf. Remark 2.6) and the fact
that U4 4, is unitary. [

3. Weyl-Titchmarsh theory for CMV operators on Z

In this section, we describe the Weyl-Titchmarsh theory for the CMV operator U on Z. We
note that in a context different from orthogonal polynomials on the unit circle, Bourget et al. [7]
introduced a set of doubly infinite family of matrices with three sets of parameters which for
special choices of the parameters reduces to two-sided CMV matrices on Z.

We denote by

ui(z, k, ko)\ (ua(z, k., ko)\\ _ ui(z, k, ko) ua(z, k, ko)
W((”l(z,k,ko))(UZ(Z,k,kO)>>_det((vl(z’k’k()) vz<zvk7ko>>>’ G-b
ke,

the Wronskian of two solutions (ﬁffﬁfﬁ;) and <’;§g,€8;) of (2.17) for z € C\{0}. Then, since

det(T'(z,k)) = -1, keZ, (3.2)
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it follows from Definition 2.4 that

p+(z. k. ko)\ (q+. k ko)\\ _ . x[22 koodd,
Y <<r+(z,k,ko)>’ (S+(Z,k,k0))) = {27 ko even, G

p*(Z, k, kO) qf(z5k7 kO) —( k+1 2, k() Odd,
v ((V—(Z, k, ko))’ (S—(z, k, ko))) = { 2z, ko even, G
ze€ C\{0}, keZ.

Next, in order to compute the resolvent of U, we introduce in addition to p+ and g+ in (2.59)—(2.62)
the functions %4 by

('H:(Z, g ko)) _ <Q+(Z, g k0)> + Mz ko) <p+(z, N kO)) € €*([ko, £00) N 2)?,

U:I:(Z, ‘y k()) S+(Z, '7k0) r+(Z7 ',k())
z € C\(¢D U {0}). 3.5

Lemma 3.1. Let z € C\(@D U {0}) and fix ko, ki € Z. Then the resolvent (U — zI)~" of the
unitary CMV operator U on €*(Z) is given in terms of its matrix representation in the standard
basis of £*(Z) by

U -z~ (k, k)
(k!

- uy(z, ki, ko) ((u—(z, ki, ko)
o ((v+(z, kl,k0)> ’ (v(z, khko)))

u_(z, k, ko)vi(z, k', ko), k <k’ and k =k’ odd, ,
X v_(z, k', ko)us(z, k, ko), k' <kandk =k’ even, k.k ez, (3.6)
—1
- 22[M (2, ko) — M_(z, ko)]
(2. k ks (2, K ko), k <K and k = K odd, :
Voo, K k0)ity (2, ko ko), K < kand k =K even, % €5 -7)
where
- ((u+(z,k1,ko)) <M—(Z,k1,k0)>> _ det <<u+(z,k1,k0) u_(z,kl,ko)>>
v"r(kalka) ' U—(Zv kl9k0) U+(Z,k1,k()) Uf(Z,k],k())
= (MM (2, ko) — M_(z, k)] | 25 Ko odd. (3.8)
- +2, X0 —\Z; %0 2, ko even '
and

Ui(z, ki, ko)\ (u—(z, ki, ko) k
=2(-D""[M ko) — M_(z, ko)]. .
W(<v+(z,k1,ko>>’(v_(z,kl,kw)) O o) o

Moreover, since 0 € C\a(U), (3.6) and (3.7) analytically extend to z = 0.

Proof. Denote

u_(z, k. ko)vo(z, k', ko), k <K', k =Kk odd,

uy(z, k, ko)v_(z, k', ko), k' <k, k=K' even,
k. k' ko eZ.

w(z, k, k', ko) = { (3.10)
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We will prove that
_ . / _ (_ K +1 M+(Z,k/,k()) uf(Z,k/,kO) ,
U — zDw(z, -, k', ko) = (—1)" " zdet <<v+(z, K ko) v_(z K. ko) o, (3.11)
k/, ko e’
and hence, using (3.2), one obtains
ki, ko) u—(z, ki, ko)
U -zl K ko) = (DA deg (1 G Kis ko Sk, (312
B A b P EY N S SR A ) R
k' ko, k1 € Z.
First, let kg € Z and assume k’ to be odd. Then,

(U—=zDw(z, - k', ko)) (O)=((V W—zDw(z, -, k', ko)) ()=0, € € Z\{k', k' + 1}

(3.13)
and
(U —zDw(z, - k' ko) (K) \ _ ( (VW =zDw(z, -, k', ko)) (k")
(U — zDw(z, -, k', ko)) (k' + 1) (VW —zD)w(z, -, k', ko)) (K" + 1)
= Oz ( (042, K ko)v— (2, -, ko)) (K) > _ ( w(z. kK ko) )
T (v- (@ K k) v (2, -, ko)) (K + 1) w(z, K + 1, k', ko)
, uy(z, k', ko) V4 (z, k', ko)u—(z, k', ko)
=ZU_(Z,k,ko)< )—z( )
uy(z, k' + 1, ko) v_(z, k', ko)us+(z, k' + 1, ko)
det [ ((#+@ K ko) u—(z, K, ko)
=z ( v (z, k' ko)  v_(z, k', ko) ) ) (3.14)
0
Next, assume k’ to be even. Then,
(U = zDw(z, - k' ko)) () = (VW — zDw(z, -, k', ko)) (£) = 0, (3.15)
LeZ\{k'—1,k} :

and
(((U —zDw(z, -, k', ko)) (k' — 1)) _ <((VW —zDw(z, -, k', ko)) (k' — 1))
(U —zDw(z, - kK ko)K) )\ (VW —zDw(z, -, k', ko)) (k')

iy ,Z(<v+(z, K ko) (2. - ko) (K = 1)) B (w(z, K =LK, ko))
O -G K kv ko)) (K) w(z, K, K, ko)

, u_(z, k' — 1, ko) Vi (z, k', ko)u—(z, k' — 1, ko)
= zvy(z, k', ko) -
u_(z, k', ko) v_(z, k', ko)uy(z, k', ko)

0
=z(_det uy(z, k' ko) u—(z, k', ko) ) (3.16)
vi(z, k' ko) v_(z, k', ko)
Thus, one obtains (3.11). O

Next, we denote by dQ(-, k), k € Z, the 2 x 2 matrix-valued measure,

. Qo.0(l, k) Qo 1(( k)
dQ(, k) =d (Ql,o@, b Q. k))

Gkt Eu Qo1 2z Gk—1, EU(C)ék)gz@)
=d ( O Ev QoD@ O Eu@oopg, ) =<0 G
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where d Ey (+) denotes the operator-valued spectral measure of the unitary CMV operator U on
(2),

U Z,(f dEy (O ¢ (3.18)
oD

We note that by (3.17) dQo.0 (-, k) and dQ; 1 (-, k) are nonnegative measures on 0D and dQg 1 (-, k)
and dQy (-, k) are complex-valued measures on dD.
We also introduce the 2 x 2 matrix-valued function M(-, k), k € Z, by

_ ( Mooz, k) Mo,(z, k)
M““‘(Mmmm Mm@m)
::C&IAU+HXU—dr%knm@ @AJU+UXU—HYWHMD>
Ok (U+zDWU =z "oy Gk, (U +2DWU — 217 60 2z

=5£ d0C ) S5 ;e\, (3.19)
oD {—z
We note that,

Moo(, k+1)=M1(,k), keZ (3.20)
and

M1z k) = O, (U +zDU — 2D 7'00) 22 (3.21)

- f 401G R e\, keZ, (3.22)
oD (—z

where

dQy 1(, k) =d(k, Eu QoK) 2z, ¢ €dD. (3.23)

Thus, Mo o|p and M| 1|p are Caratheodory functions. Moreover, by (3.21) one infers that
Mi10,k)=1, ke (3.24)

Lemma 3.2. Let z € C\0D. Then the functions M1 1(-, k) and M+ (-, k), k € Z, satisfy the
following relations:

[ax — beM s (z, k) llax + b M_(z, k)]

M, Jky=1 , 3.25
00 B = T e b — Moz b)) ©2)
B 1 —My(z,k)yM_(z,k)
My 1(z, k) = Mo k) — M k) (3.26)
Mo (2, k) = —! { [1 — My Gz, )l — BxM—(z, b1, k odd,
08 ) = ML k) — M_(z, k)] | 11+ My (2, ) llax + beM_(z, k)], k even,
(3.27)
Mio(z. k) = —! FHmemwgmmm,mm
WO = ML (2 k) — M_(z o] | [1 = My (z. 1@k — BeM_(z, )1, k even.

(3.28)



204 F. Gesztesy, M. Zinchenko / Journal of Approximation Theory 139 (2006) 172-213

Proof. Using (2.4), (2.5), (2.17), and (2.57) one finds

1 Z%) k
. s 0 Odd,
(m@%_Lm>= %<% (3.29)
ko= Lko) T (g |
pk() bk() ’ 0 ’
0 (‘Z%> . ko odd,
<61+(z, ko — 1, ko)) _ P\ K (3.30)
s+(z, ko — 1, ko) 1 ( aky ) |
1 20 ),  koeven.
Py —dk,

It follows from (3.19) that
My (2, ko) = ¢ + 22(Skgte—1. (U — 21)715k0+e'—1)e2(z)
=S +2z(U —zD) ko +€—Lko+€ = 1), £¢ =01 (331

Thus, by Lemma 3.1 and equalities (2.57), (2.136), (3.29), and (3.30), one finds
[1 — M, (z, ko)I[1 + M_(z, ko)]

U —zI) " ko, ko) = 3.32
(U= 2D o ko) = = i ko) — MGz ko] 632
Grg — by M4 (2, k b, M_(z, k
(U — 2Dy (ko — 1. kg — 1) = Do = Do M@ o)l + DM@, k)] =5 35
2203, [M4(z, ko) — M—(z, ko)]
{ [1—M.(z, ko)[ax, —bry M—(z, ko)1, ko odd,
1+M_(z, k +b, M_(z, ko)], ki
U—el)~ (k1. ko) = [ +(z, ko) lary+bryM—(z, ko)] oeveny (3:34)
2z2pk,[M (2, ko)—M_(z, ko)]
{ [1+M (z, ko)llaky+biryM—(z, ko)1, ko odd,
1—M_ (z, ko) llax, —br,M_(z, ko)], ko even
(U—zD)" koo ko—1) = [ +(z, ko)l[aky—bkyM—(z, ko)1, ko . (3.35)
and hence (3.25)—(3.28). O
Finally, introducing the functions ®; (-, k), k € Z, by
Mi(z, k) —1
() k) = —— T, e C\oD, 3.36
1,1z, k) MG R +1 b4 \ (3.36)
then,
1+ @q,1(z, k)
M k)= —F——=, C\oD. 3.37
1,1(z, k) =0,z k) 7€ C\0 (3.37)

Both, M 1(z, k) and @1 1(z, k), z € C\0D, k € Z, have nontangential limits to 0D y-a.e.

Lemma 3.3. The function @1 1|p is a Schur function and ® ; is related to @ by

D (z, k)

Dy 1(z, k) = TR

z€ C\oD, k e Z. (3.38)

Proof. The assertion follows from (2.150), (3.36) and Lemma 3.2. [
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Lemma 3.4. Let { € 0D and ky € Z. Then the following sets of two-dimensional Laurent
polynomials {P((, k, ko)}kez and {R((, k, ko)}kez:

1 _ﬂco pko q+ (zv k7 kO) ) ko odd
P ko) = (Po@, k, ko)) _ 24( bi, %) <p+(c, k ko) ) 0O 339)
o Pi(C, k, ko) l( Pio Pk0> <Q+(C, k, ko)) ko even
2\ ~by ay, ) \prCkko) ) 0T
1 Py Pro \ [ 5+ k. ko)
Ro (L, k, ko) 2 (‘bzo akg) <r+(C, k, kO)) + Koodd,
R, k, ko) = ( ) = (3.40)
R1((, k, ko) 1 (—ﬁm pk0> (s+(C, k, k0)> ko even
2 ka % VJ,_((, k7 k()) ’

form complete orthonormal systems in L>(0D); dQ(-, ko) ') and L*>(0D; dQ(-, ko)), respectively.

Proof. Consider the following relation:
UTor=> U'(j.kd;=> Uk j)o;. keZ (3.41)
jez jez
By Lemma 2.2 any solution u of
au(z, k ko) = Y Uk, pu(z, j, ko), keZ, (3.42)
JjeZ
is a linear combination of p,(z, -, ko) and g (z, -, ko), and hence, (3.42) has a unique solution
{u(z, k, ko) }rcz with prescribed values at kg — 1 and ko,
u (Z’ ) kO) = PO(Za Kl kO)”(Z, kO - 17 kO) + Pl (Z7 ©y kO)u(L k07 kO) (343)

Due to the algebraic nature of the proof of Lemma 2.2 and the algebraic similarity of equations
(3.41) and (3.42), one concludes from (3.43) that

o = PoUT, k, ko)xg—1 + PL(U ", k, ko)dx,, k € Z. (3.44)
Using the spectral representation for the operator U | one then obtains
PyUT k. ko) = % dEyT(0) Pe(C k, ko), €=0,1 (3.45)
oD
and by (3.44),
1
T T
(Oks Ok)g2(z) = Z (Pz(U K, ko)Okgre—1, Po(U ', K, ko)5k0+5/—1)l2(z)
£,0'=0
= Pkk0) O k) PEK o). (3.46)
oD

Similarly, one obtains the orthonormality relation for the two-dimensional Laurent polynomials
(R k. ko)kez in L*(OD: dO(, ko))
To prove completeness of { P ({, k, ko) }xez We first note the following fact:

k k—1 1 0
Span{P(Z» “ kO)}kEZ - { <ZI§_1> 7 (sz > 7 <O> ’ (1>}kel
_ * 0
= span { < 0 ) , (Zk> }kez’ ko € 7. (3.47)
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This follows by investigating the leading coefficients of py(z, k, ko) and g+ (z, k, ko). Thus, it
suffices to prove that [(“g), (g)}k . form a basis in L2(0D; dQ(-, ko) ") for all ky € Z.
> €
Let ko € Z and suppose that F = (;‘1)) € L?(0D;dQ(-, ko)") is orthogonal to

()-8 0t 7

o:fm@k 0) dQ(L, ko) F(0)

- f L F U0 ko) + /i D0 ko), (3.48)
and
0= ygmm"_)dﬂ(c, ko) F(0)
= yﬁ o F LA ko) + f1(DdQ1(C ko)) (3.49)
for all k € Z. Hence (cf., e.g., [10, p. 24]),
fodQo0 + f1dQ10 =0, (3.50)
fodQo,1 + f1dQ11 =0. (3.51)
Multiplying (3.50) by fo and (3.51) by f; then yields
| fol?dQ0.0 + fo /1dQ10 + f1 fodQo.1 + | fil?dQi 1 =0 (3.52)
and hence
1117 2 0 praoysoy ™ = fﬁ FQraQc, ko) F({) = 0. (3.53)

Similarly, one proves completeness of {R((, k, ko)}xez in L>(8D; dQ(-, kg)). O
Denoting by I the identity operator in C?, we state the following result.

Corollary 3.5. Let ko € Z. Then the operators U and U are unitarily equivalent to the
operator of multiplication by Lid (where id(() = {, { € D) on L*(0D;dQ(-, ko)) and
L2(0D; dQ(-, ko) 1), respectively. Thus,

a(U) = supp (dQ(-, ko)) = supp (dQ" (-, ko)) = supp (dQ(-, ko) ") =a(U"),  (3.54)
where
dQ" (-, ko) = dQo,0(-, ko) +dQy 1 (-, ko) (3.55)

denotes the trace measure of dQ(-, ko).

Proof. Consider the linear map U from £5°(Z) into the set of two-dimensional Laurent polyno-
mials on 0D defined by

UNDO =Y RCk ko) f(K),  f € EP(D). (3.56)

keZ
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A simple calculation for F({) = (Hf)(C), f € £3°(Z), shows that
SRR = §FO QK FO. (3.57)
kez oD

Since ESO(Z) is dense in ¢2(Z), U extends to a bounded linear operator U: 7)) —
L?(0D; dQ(-, ko)). By Lemma 3.4, ¢/ is onto and one verifies that

U F)k) = yganm R(. k. ko)*dQ(C, ko) F (). (3.58)

In particular, {is unitary. Moreover, we claim that I/ maps the operator U on £>(Z) to the operator
of multiplication by id({) = {, { € dD, denoted by M (id), on L>(0D; dQ(-, ko)),

UUU™" = M(id), (3.59)
where

(M(id)F)(0) = (F (L),  F e L*(0D; dQ(-, ko)). (3.60)
Indeed,

UUUT F()(©) = UUF O
=Y (WUFO)RRE k ko) =Y (UTR, - ko)) (k) f (k)

keZ keZ
=Y (R k. ko) f (k) = (F(0)
keZ
= (MGd)F(-)(©), F e L*@D;dQ(,kp)). (3.61)

The result for the operator U | is proved analogously. [

Finally, we note an alternative approach to (a variant of) the 2 x 2 matrix-valued spectral
function Q(-, ko) associated with U.
First we introduce M(z, k), z € C\0D, k € Z, defined by

~ (Moo k) Moz k)
M = (Ml,o(z,k) M1,1(z,k)>

*
1 Pk Pk Pk Pk
- 4<—bk ak) M(z,k)<_bk ak)’ k odd,
= *
1 —Pk Pk —Pr Pk
4< be @> M(z,k)< b a ) k even

1 j 1 My (z,k)+M_(z,k) 1
( T o Timew) oo en t iRe(“k))

| Mo @O+M_ k) 1 MiGOM_ (k) i
e : aRe() =G Gy — 2 1m()

ze€ C\dD, ke Z. (3.62)

TIMy G -M_(z.k)

Clearly, M(-, k), and hence, M(-, k), k € Z, are 2 x 2 matrix-valued Caratheodory functions.
Since by (3.19) M(0, k) = I, k € Z, one computes

pi + 1> —2ilm (o)

M 1
MO0 =3 ( ditm(m) P+ lail

> = [M©, O], keZ (3.63)
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Hence, the Herglotz representation of M (-, k) is given by

M(z,k)Z/: 4o, k)g+Z

where the measure d Q(', k) can be reconstructed from the boundary values of Re(/’\jl(-, k)) via

02+90
Q((e%, %], )—hmlimi/ a0
(uo 21 Jo, 48

( ) im (M+(re{9,k)+M,(re{9,k))

My (rei?, k) M_(rei? k) 2 My (rei? k)y—M_(rei? k) (3.65)

—im <M+(rc’0 J)+M_(ret? k)) —Re ( My (rét? yM_(ret? k) ) :
2 My (rell . k)—M_(rei? k) My (rell k)y—M_(ret? k)

0, €[0,2n), 0; <0y <0;+2m, ke”Z.

z€ C\dD, k e Z, (3.64)

Finally, the analog of Lemma 2.25 in the full-lattice context reads as follows.
Lemma 3.6. Let f, g € £°(Z), F € C(0D), and 0y € [0, 2n), 01 < 0, <0y + 2n. Then,

(f. FU)Ey (Are((¢', ¢2]))8) 27,

B (3.66)
(f( ko), MFMVA (€01 6102y ("kO))LZ(GD;in(',ko))’
where we introduced the notation
=~ s1(C, k, ko)
h(, ko) = ( hk), (eodD, hetl(2) (3.67)
=2 ek ko) 0

keZ

and Mc denotes the maximally defined operator of multiplication by the dQ( ko)-
measurable function G in the Hilbert space L>(0D; dQ(-, ko)),

(Mch)(©) = GOR(Q) for a.e. € oD, (3.68)
7 € dom(Mg) = {k € L2(0D: dQ(-, ko)) | Gk € L2(0D: dQ(-, ko))}. '
Using Lemma 2.24, (2.63), (2.64), (2.169), and (3.7) one can follow the proof of
Lemma 2.25 step by step and so we omit the details (cf. also [21]).
Finally, Weyl-Titchmarsh circles associated with finite intervals [k_, k4] N Z and the ensuing
limits k+ — oo can be discussed in analogy to the half-lattice case at the end of Section 2.
Without entering into details, we mention that U is of course in the limit point case at +o0.
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Appendix A. Basic facts on Caratheodory and Schur functions

In this appendix, we summarize a few basic properties of Caratheodory and Schur functions
used throughout this manuscript.
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We denote by D and 0D the open unit disk and the counterclockwise oriented unit circle in the
complex plane C,

D={zeCllzl <1}, dD={{eC||{=1} (A1)
and by
Ce={ze€C|Re(z) <0}, C;={z€eC|Re(z) >0} (A2)

the open left and right complex half-planes, respectively.

Definition A.1. Let f+, ¢, and 1/¢_ be analytic in [.

(1) f4+ is called a Caratheodory function if f1: D — C, and f_ is called an anti-Caratheodory
function if — f_ is a Caratheodory function.

(ii) @ is called a Schur function if ¢ : D — D. ¢_ is called an anti-Schur function if 1/¢_
is a Schur function.

Theorem A.2. (Akhiezer [3, Sect. 3.1], Akhiezer and Glazman [4, Sect. 69], Simon
[33, Sect. 1.3] Let f be a Caratheodory function. Then f admits the Herglotz representation

f@) = ic+7§ du(©) Ci, z e D, (A.3)
6D {—1z
¢ =Im(f(0)), ﬁ . du(0) =Re(f(0)) < oo, (A4)

where du denotes a nonnegative measure on 0D. The measure du can be reconstructed from f by
the formula

0246 ,
p(Are((e" ™)) = timim o j{ (;5 d0Re(f (re'?)), (A5)

where

Arc((e, %)) = {e'! € 0D |0, < 0<02), 01 €10,21), 01 < 0<0; + 2. (A.6)

Conversely, the right-hand side of (A.3) with ¢ € R and du a finite (nonnegative) measure on 0D
defines a Caratheodory function.

We note that additive nonnegative constants on the right-hand side of (A.3) can be absorbed
into the measure du since

55 do® 21, zeD, A7)
oD {—z
where
do :
dug@) = . {=e" 0e[0.21] (A.8)

denotes the normalized Lebesgue measure on the unit circle 0 D.

A useful fact on Caratheodory functions fis a certain monotonicity property they exhibit on open
connected arcs of the unit circle away from the support of the measure du in the Herglotz repre-
sentation (A.3). More precisely, suppose Arc((ei Or, eieZ)) C (0D\supp(dw)), 01 < 0,, then fhas
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an analytic continuation through Arc((e”1, ¢/%2)) and it is purely imaginary on Arc((e'%1, ¢/%2)).
Moreover,

d .00 i ; 1
_f el = ——/ d,u 6‘” - > 0 S (01, 02) (Ag)
do () 2 J10,270\(01,0) ( )smz((t —0)/2)
In particular,
YT
—lEf(e ) <0, 0€(0,0). (A.10)

We recall that any Caratheodory function f has finite radial limits to the unit circle p,-almost
everywhere, that is,

f = lig f(r{) exists and is finite for py-a.e. { € 0D. (A.11)

The absolutely continuous part du,. of the measure du in the Herglotz representation (A.3) of
the Caratheodory function f'is given by

it (O) = y{rll Re(f(r0)) dup(O), (e dD. (A.12)
The set
Su, ={ledD] liﬁl Re(f(r0)) = Re(f(0) > 0 exists finitely} (A.13)

is an essential support of du,. and its essential closure, Ttace’ coincides with the topological
support, supp(dj,.) (the smallest closed support), of du,,

Sjtge = Supp (ditye)- (A.14)
Moreover, the set

Su, ={C € dD| ligl Re(f(r{)) = oo} (A.15)

is an essential support of the singular part dp of the measure du, and

11%111(1 —fe) = 11%111(1 — MRe(£(r0)) =0 exists for all { € dD. (A.16)

In particular, {y € 0D is a pure point of du if and only if
1—r

n{Co}) = lrlgll (T) f(rlo) > 0. (A.17)

Given a Caratheodory (resp., anti-Caratheodory) function f4 (resp. f_) defined in D as in
(A.3), one extends f4 to all of C\0D by

Jr(@@) =ict :t% duy () giz 7€ C\dD, ct € R. (A.18)
oD -

In particular,

fr(@) =—fe(1/2), zeC\D. (A.19)
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Of course, this continuation of f|p to C\D, in general, is not an analytic continuation of fi|p.
With f4 defined on C\éD by (A.18) one infers the mapping properties

w:D—-C,, fi:C\D—>Cy, f:D—Cq f :C\D—-C,. (A.20)

Next, given the functions fi defined in C\dD as in (A.18), we introduce the functions ¢ by

Jr@) -1
Jr@) +1
Then ¢ have the mapping properties

p.:D—D, 1/¢,:C\D—> D (¢,:C\D— (C\D)U {o0}),

¢+(2) = , z€C\oD. (A21)

— _ (A.22)
o_:C\D—-D, 1/¢o_:D—->D (p_:D— (C\D)U{oco0}),
in particular, ¢ |p (resp., ¢_|p) is a Schur (resp., anti-Schur) function. Moreover,
14 Z
fr) = 0@ o, (A.23)
1 - (Pi(Z)

We also recall the following useful result (see [33, Lemma 10.11.17, 20] for a proof). To fix some
notation we denote by f and f_ a Caratheodory and anti-Caratheodory function, respectively,
and by ¢, and ¢_ the corresponding Schur and anti-Schur functions as defined in (A.21). We
also introduce the following notation for open arcs on the unit circle 0 D:

Arc((em‘, eiez)) = {eie edD|0 <0< 92}, 0; €10,2x], 01 < 0,<0; + 27
(A.24)

An open arc A C 0D then either coincides with Arc((e"@1 , emz)) for some 0; € [0, 2x], 01 <
0, <01 +2m, orelse, A = 0D.

Lemma A.3. Let A C 0D be an open arc and assume that f (resp., f-) is a Caratheodory
(resp., anti-Caratheodory) function satisfying the reflectionless condition

lri?ll [f+(rC) + f,(rC)] =0 py-a.e. onA. (A.25)

Then,

@ [+ =—f-(DforallC e A.
(ii) For z € D, — f_(1/7) is the analytic continuation of f. (z) through the arc A.
(iii) duy are purely absolutely continuous on A and

d,
ﬁ(é) =Re(f+(0)) = —Re(f-(0), (e A. (A.26)

In analogy to the exponential representation of Nevanlinna—Herglotz functions (i.e., functions
analytic in the open complex upper half-plane C, with a strictly positive imaginary part on C,
cf. [5,6,19,24]) one obtains the following result.

Theorem A.4. Let fbe a Caratheodory function. Then —iln(if) is a Caratheodory function and
f has the exponential Herglotz representation,

—iln(if (z)) = id + f (O YO 2,
oD {—z

d = —Re(In(f(0))), 0<Y()<nfor py-ae. (€ dD. (A.28)

eD, (A.27)
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Y can be reconstructed from f by
Y= li%Tll Re[—iln(if (r{))]
=(n/2) + li%lll Im[In(f (r0))] for uy-a.e. { € 0D. (A.29)

Next we briefly turn to matrix-valued Caratheodory functions. We denote as usual Re(A)
=(A+ A*)/2,Im(A) = (A — A*)/(2i), etc., for square matrices A.

Definition A.5. Let m € N and F be an m x m matrix-valued function analytic in D. Fis called
a Caratheodory matrix if Re(F(z)) >0 for all z € D.

Theorem A.6. Let F be an m x m Caratheodory matrix, m € N. Then F admits the Herglotz
representation

F)=iC +y§ 400 2 e, (A30)
oD {—z
C = Im(F(0)), f dQ(0) = Re(F(0)), (A.31)
oD

where dQ denotes a nonnegative m x m matrix-valued measure on 0D. The measure dQ can be
reconstructed from JF by the formula

. . 1 02+0 .
i0y i0 T . i0
Q(Arc((e', €'?])) = lblir(} 1};111 7 ?gma dORe(F(re'’)), (A.32)

0; €10,27n], 01 < 0,<0; +2m.

Conversely, the right-hand side of Eq. (A.30) with C = C* and dQ a finite nonnegative m x m
matrix-valued measure on 0D defines a Caratheodory matrix.
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